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Thermal Conductivity of Toluene in the Temperature 
Range 35-90~ at Pressures up to 600 MPa 
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New, absolute measurements of the thermal conductivity of liquid toluene are 
reported. The measurements extend over the temperature range 35-90~ and 
the pressure range 0.8-600 MPa. A new analytic evaluation of the contribution 
of radiation in an absorbing emitting fluid to the measurement process is 
presented. This analysis indicates that the thermal conductivity determined in a 
transient hot-wire instrument is the radiation-free value. As a consequence it is 
possible to assert that the overall uncertainty in the experimental data is one of 
+ 0.3%. A comparison of the data with the results of independent measurements 
by the same technique shows that the various sets of data are consistent within 
their mutual uncertainty. 

KEY WORDS: high pressure; thermal conductivity; toluene; radiation contri- 
bution. 

1. INTRODUCTION 

In a number of earlier publications [1-4] we have reported the results of 
measurements of the thermal conductivity of liquids over a moderate 
temperature range and at pressures up to 600 MPa. The measurements 
have been carried out by the transient hot-wire technique, which is capable 
of high precision [1]. However, the accuracy which it has been possible to 
claim for the final results has been inferior to their precision owing to the 
contribution of radiative heat transfer in an absorbing fluid to the measure- 
ment process [5]. The contribution of radiative heat transfer to thermal 
conductivity measurements on absorbing liquids has been the subject of 
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doubt for a considerable time [6-9]. In different instruments and different 
liquids the radiative heat flux has variously been estimated to be of a 
magnitude between 2 and 40% of the thermal conduction flux and excep- 
tionally of differing sign [10, 11]. 

In our work we have performed a complete, numerical solution of the 
conduction-radiation equations for a transient hot-wire instrument in order 
to deduce a correction to be applied to our experimental data to yield 
radiation-free thermal conductivities [5]. Unfortunately, the evaluation of 
this correction has proved so time-consuming and expensive that it is not 
practicable to apply it on a routine basis. Furthermore, many of the optical 
properties of the fluid and its bounding surfaces, which are necessary for 
the evaluation of the correction, cannot be measured under the conditions 
of interest so that the reliability of the correction is considerably reduced. 

Toluene, which is the subject of the present investigation, has often 
been proposed as a standard reference material for thermal conductivity 
[12-14]. These proposals have usually been founded upon estimates of the 
magnitude of the radiative heat flux contribution to the measurement, 
which has been found to be small [12-14]. In view of the uncertainty 
surrounding these estimates, it seems essential that the problem of radiation 
be considered afresh in reporting further experimental results, especially if 
the data are to be regarded as input to a set of standard tables for the 
thermal conductivity. Accordingly, in the present work we have employed 
our numerical solution of the conduction-radiation problem for a transient 
hot-wire instrument as the basis for the development of an analytic solu- 
tion. This new analysis shows that when the effects of radiation are 
significant to the measurement of thermal conductivity, their influence is 
readily observed and a simple, rapid method of correction is possible. For 
toluene the effects of radiation are in fact negligibly small so that no 
correction is necessary. W e  are therefore able to report thermal conductiv- 
ity data for toluene with an accuracy of _+ 0.3%, which is comparable with 
the precision of our measurements. 

2. RADIATION AND CONDUCTION IN AN ABSORBING MEDIUM 

The contribution of radiative heat transport to the total heat flux in 
thermal conductivity measurements can only be analyzed simply in the 
case of fluids transparent to radiation when the radiative and conductive 
heat fluxes are additive. In these circumstances it may readily be shown 
that for a transient hot-wire instrument, the radiant heat flux is negligible 
[15]. Thus, the basic equation describing the operation of such an instru- 
ment is simply 

0T = ~.V2T (l) oG-a7 
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whose solution, subject to the usual boundary conditions [5] 

t <0 r(r,t)= T O 

/ > 0 ,  r = 0  -q/27rX=Lim[rOT)r~O ~ Or 

and 
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(2) 

( 3 )  

and 

where [17] 

Z ( r l ,  t ) - T O = A T i d ( r  I ,[)= ( ~ q  )E,(r~/4~t) 

EI(~) = ~ ~(e-}U/u) du 

= - y - + + 2) 

Here, the subscript id denotes the ideal model of the apparatus and 7 is 
Euler's constant. In practice, we are interested in the solution for small 
values of (r2/4~t) so that we may employ just the leading terms of the 
expansion of the exponential integral. Furthermore, a practical instrument 
departs from the ideal in a number of respects so that it is necessary to 
apply a number of small corrections to the measured temperature rise of 
the wire, A T~, to recover the "ideal" value. Hence, the working equation 
takes the form [16] 

A Tia = A T  w + ~ 31],.= (q/4er2t)ln(4~t/r~C ) 
i 

(7) 

where 

C = exp(y) (8) 

( 5 )  

(6) 

yields the temperature rise of the fluid as a function of time, t, following the 
initiation of a line source of heat, q, per unit length at r = 0. Here, 0 is the 
density of the fluid, Cp is its constant pressure heat capacity, X is its thermal 
conductivity, T is the temperature, and T o is the initial, equilibrium 
temperature. The solution for the temperature rise, which forms the basic 
working equation for the method, is then [16] 

t > O, r=  ~ T(r, t)  = T o (4) 
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All of the corrections, 6T i, necessary for operation in nonabsorbing fluids, 
have been given elsewhere [16, 18-20]. 

In the case of fluids which absorb and emit radiation, the situation is 
considerably more complicated, and for a transient hot-wire instrument in 
which an isotropic grey fluid is bounded internally by a wire radius rl, area 
A 1, and externally by a surface radius r 2, area A z, the equation governing 
the temperature rise of the wire is [5]: 

oCp__~t_O T = hV2T + Q•--,dv, + Qj ,-~a~ + QA2-,dv, - 4 K i E  i (9) 

Here, the second, third, and fourth terms on the right represent gradients of 
one-way radiant heat fluxes from, respectively, the entire volume of the 
fluid to a volume element dF~, from the wire surface to the volume element, 
and from the outer boundary to the volume element. The final term 
represents the gradient of the radiative heat flux emitted by the volume 
element dVi,  in which K i is the appropriate mean extinction coefficient of 
the fluid and 

E i = n2oT 4 (lO) 

where n is the refractive index of the fluid and o the Stefan-Boltzmann 
constant. 

The appropriate boundary conditions for the solution of Eq. (9) are 

q = - x [  o r ]  _ 
OA2-,d , Ot 1 2~rl t Or J r=r ,  

- - a ,  Qv~dA + q n 2 o T 4 ( r l )  r = r  1, t>~O (11) 

T ( r 2 , t )  = T o 0 <~ t < ~ (12) 

together with the initial condition (2). Here, dA l is an elemental area in A i, 
and the second and third terms represent one-way radiant heat fluxes to 
this element from the outer boundary surface and the bulk of the fluid. In 
addition, a I represents the absorptivity of the wire surface and q its 
emissivity. 

The full form of the integro-partial differential equation (9) cannot be 
solved analytically. However, Menashe and Wakeham [5] have developed a 
technique for its numerical solution subject only to the additional assump- 
tions that the extinction coefficient is temperature independent over the 
small temperature range involved, that the outer bounding cylinder is 
black, and that al = el v ~ f ( T )  . Because the evaluation of each of the 
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radiant heat fluxes and their gradients requires the computation of a two or 
three dimensional integral at each time step, the numerical solution is both 
time consuming and expensive. Thus, although it has been possible to 
implement the numerical procedure in a number of specific cases and to 
compare its results with those in which there is no radiation effect, it has 
not been possible to apply it universally [5]. Furthermore, in order to apply 
the technique to measurements in fluids over a wide range of conditions, 
both the emissivity of the wire, q ,  and the extinction coefficient of the fluid 
must be known over the same range of conditions. In practice, this 
knowledge has never been available, and values characteristic of just one 
set of conditions have had to be employed [5]. 

An alternative use of the numerical solution, which we investigate 
here, is as a guide to the relative magnitudes of the various terms within the 
governing equation (9). The aim of such a study is the simplification of Eq. 
(9) to a level where it may be solved analytically. To this end we have 
employed the numerical procedures of Menashe and Wakeham [5] to 
simulate a transient hot-wire measurement on toluene using apparatus 
parameters characteristic of our equipment and representative properties of 
the pure liquid. All of the quantities employed in the simulation are set out 
in Table I, including the extinction coefficient, K, which was determined 
experimentally in the manner described elsewhere [5]. 

Figure 1 contains plots of the relative magnitudes of the terms on the 
right-hand side of Eq. (9) as a function of time at two different radial 
locations in the fluid, omitting the term QJ2-~a~i, which is rendered zero by 
condition (11) [5]. Figure l(a) refers to a radius r = 1.02r 1 and Fig. l(b) to a 
radius r - -  115r l. In each case it is apparent that the dominant additional 
contribution to the conduction heat-flux gradient arises from the emission 
of radiation by the fluid and that both of these terms exceed those arising 
from absorption by several orders of magnitude. The only exception to this 
situation arises in Fig. l(b) at short times, when each of the terms is so 
small as to be insignificant and the numerical solution is inaccurate. The 

Table  I. Parameters  E m p l o y e d  for the S imula t ion  of a M e a s u r e m e n t  on Toluene  

Tempera ture ,  T 360 K 

Hot-wire  radius,  r 1 3.89 t~m 

Cell radius,  r 2 4.95 m m  

H e a t  flux, q 0.538 W �9 m -  1 

The rma l  conduct iv i ty ,  7t 113.7 m W  �9 m -  l .  K -  

Densi ty ,  0 802.9 k g .  m 3 

Hea t  capaci ty ,  Cp 1904.0 J �9 kg  i .  K - l  

M e a n  ext inc t ion  coefficient,  K 4630 m l 
Ref rac t ive  index, n 1.4961 
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Fig. 1. Relative magni tude of the terms on the right-hand side of Eq. (9) as a function of time 
at two different radial coordinates: (a) r = 1.02r], and (b) r = l15Q. Curves are as follows: 
conduction (solid); emission (long dash); Qv-~av, (short dash); QA ,~av~ (dot-dash). 

implication of these results, which are typical of other simulations we have 
carried out, is that we may neglect the terms Q~a~ and Q~,__,a~ in Eq. (9). 
Physically, this means that, in the transient hot-wire experiment, the princi- 
pal radiative contribution of the fluid to the heat transfer process arises 
from emission and not absorption as has frequently been assumed. This 
result may be understood by noting that the gradient of the radiant heat 
flux in an emitting volume element is determined by the local temperature 
gradient, and that in the transient hot-wire instrument the wire is so thin 
(Q ~-" 3 /~m) that although the temperature rise of the fluid is only a few 
degrees Kelvin, its radial gradient is very large near the edge of the 
expanding temperature front arising from conduction. On the other hand, 
because the a~bsorption terms are determined by the value of the extinction 
coefficient, which is temperature independent, their gradients are considera- 
bly smaller. 

These observations enable Eq. (9) to be considerably simplified, so that 
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writing 

o = ( r -  G ) / r o  = a t / T o  

and 

-~- F / F  1 

we obtain 

3 0  ~ f 320 1 0 0 ]  16Kn2~ (13) 
ot ogr  2 -y~ + -d g-d oG 

in which we have made use of the definition of E i from Eq. (10) and 
employed the linearization 

T 4 - Tg = 4T040 

which is justified for the small temperature rises employed in practice. 
An analytic solution of Eq. (13) may now be attempted, but this is 

most easily accomplished by returning to the simplest model of the appara- 
tus in which the heat source is vanishingly small and the outer boundary is 
situated at infinity. This is consistent with the approach adopted for other 
corrections to the ideal model in which all the departures of the real system 
from the ideal are treated as small, additive effects [16]. Using the fact that 
the radiation heat flux from the wire is negligibly small [16], the boundary 
conditions for Eq. (13) then become, following the same substitutions as 
before, 

q _ X l i m R ( 0 0 )  27rT 0 R--,0 ~ at R = 0, t > 0 (14) 

O = 0, R = ~ ,  t > 0 (15) 

and 

O = 0, t < 0 (16) 

Equation (13) is most easily solved by the use of the Laplace trans- 
form, denoted by a tilde, whose application leads to the equation 

Z 2 428 48 28 az ~ +z3-  2 - - z  =o (17) 
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with the boundary conditions 

l i ~ Z ( ~ - ~ )  - - q  
2 g- -ro 

and 

Here, 

Z = ~ ,  ~ = 0  

where s is the Laplace transform variable 

A = X/oCpr  

and 
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(19) 

(20) 

(21) 

16Kn2oT3 o 
B - pCp (22) 

The solution of Eq. (17) is [17] 

0 = C,Io(Z ) + C2Ko(Z ) (23) 

where I 0 and K 0 are modified Bessel functions. By virtue of the boundary 
condition (19) and the properties of I 0 [17], this becomes 

fro = CzKo( Z ) (24) 

and from conditions (18) we obtain 

~) - 2~rqTo Ko( Z ) (25) 

The inverse of the Laplace transform may be found by application of the 
convolution theorem and standard transforms [17] so that 

~) = q ~R2/4At e 
4~r)~T ~ ~ "R2/4A"(e-"/U) du (26) 

We now recognize that B is a measure of the contribution of radiant 
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emission by the fluid to the heat transfer process, and that BR 2/4Au <<. 0.1, 
even in the simulated case of toluene. Consequently, to obtain a first order 
estimate of the effect of radiation we may expand the first exponential in 
the integrand of Eq. (26) and carry out the integrations to yield the 
temperature rise in the form 

a t -  q ( -1)"- '  
4~rX 

-(n= ~! (Bt)"-'E~(r2/4Kt) (27) 
n = l  

where [ 17] 

E~(~) =~(e-&/un)du  (28) 

By means of expansion of the exponential integrals E n [17] we finally 
obtain for the temperature rise at r = rl, 

[  r2] (4,,,) 
A T =  q 1 + In - -  W 

Bqr 2 Bqt O(( Bt)2,r21/4xt) (29) 
+ 1 6.ax~ 4rrX + 

By comparison of this result with that of Eq. (7) it is possible to discern a 
radiation correction, 8Tra d, which, if added to the temperature rise which is 
observed in the presence of radiation, recovers AT, d(rl , t  ) of the ideal 
model. Therefore, 

A T/a = A T + 6La d (30) 

where 

~ T r a  d _ - qB 1"2 l n (  4 x t  / r2 / 
4~rX 4x ~ r ~ ]  + 4 x x - t  ) 

(31) 

In the absence of any radiation effect the thermal conductivity is 
derived from the slope of the experimentally observed linear relationship 
between the temperature AT and lnt. Equation (29) makes it clear that 
radiant emission from the fluid yields a relationship which is no longer 
linear, but is curved, concave to the In t axis. Furthermore, the slope of the 
linear portion of the relationship is altered and a shift of the A T versus In t 
line along the A T axis is produced. So far as the derivation of the thermal 
conductivity is concerned, the shift is of no significance; however, the 
remaining two effects are potentially important. 
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Fig. 2. The deviations between the numerical and analytic solutions of the radiation- 
conduction problem. 

In order to confirm that the analytic solution of the conduction- 
radiation problem is consistent with the numerical solution, we have 
compared the temperature rises calculated in the two ways using the data 
given in Table I. For this purpose we have added the small correction 
owing to the finite outer boundary [16] to the analytic solution in order that 
the two solutions refer to the same model of the instrument. The compari- 
son is presented in the form of a plot of the deviations between the two 
solutions in Fig. 2. It can be seen that the deviation does not exceed 
+_0.1%, its systematic nature being merely a combined result of the small 
terms neglected in the analytic solution and the limited accuracy of the 
numerical solution. 

The advantages to be gained from an analytic solution of the con- 
duction-radiation problem are twofold. First, the experimental measure- 
ments of the temperature rise of the wire may themselves be used to 
ascertain whether radiation contributes significantly to the measurement 
process. Thus, if the measured temperature rise of the wire, A Tw, corrected 
for all other effects according to Eq. (7), does not conform to a linear 
equation in In t, it is likely that there is a significant radiation contribution. 
In such cases, if it can be established that there is no convective contribu- 
tion to the measurement process, a value for the radiation parameter, B, 
may be estimated by fitting AT to the full form of Eq. (29). The derived 
value of B may then be employed to evaluate the correction 8Tra a for each 
data point and the radiation-free thermal conductivity may be evaluated 
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from the slope of the linear relationship between A Tia and ln t. The 
radiation parameter, B, evaluated in this manner is, of course, considerably 
more reliable than one deduced from independent, spectrophotometric 
measurements because it is the directly relevant parameter rather than one 
deduced from a series of assumptions about the optical characteristics of 
the fluid [5]. Moreover, the parameter may be determined for each set of 
experimental conditions. 

The second advantage of the analytic solution of the problem is that it 
is also possible to discern when the radiation contributions to the measure- 
ment are negligible. If the experimentally observed temperature rise, AT, 
defined by Eq. (7), is a linear function of In t, it is possible to assert that the 
term Bqt/4~rX in Eq. (29) is negligibly small by comparison with the term 
proportional to in t. In turn, this means that in our instrument, 

(Br~/4K) < 10 -s (32) 

so that the thermal conductivity deduced from the slope of the line AT 
versus In t is the radiation-free value. As we show in the next section for 
toluene, and as we have already found for liquids we have previously 
studied [1-4], there is no evidence of any curvature in the lines A T versus 
ln t. We therefore conclude that the contribution of radiation to the 
measurement of thermal conductivity in a transient hot-wire apparatus of 
the type we employ is entirely negligible for these liquids. Furthermore, the 
corrections we have previously applied to our data to account for radiation 
[1-4] were not necessary because the relevant values of the radiation 
parameter B, or equivalently, the extinction coefficient K are very much 
smaller than those deduced from standard spectrophotometric studies. This 
conclusion means that in our earlier publications [1-4] the values quoted as 
radiation-free values should be disregarded and those quoted as apparent 
values may be taken to represent the true thermal conductivity of the 
liquid. 

Finally, it should be emphasized that the arguments presented here are 
restricted to the transient hot-wire apparatus. In other experimental meth- 
ods, usually of a steady state type, the temperature gradients involved are 
much smaller, so that it is not clear that a similar simplification of the 
problem of the influences of radiation in the fluid is possible. 

3. EXPERIMENTAL PROCEDURE 

The transient hot-wire instrument employed for the thermal conductiv- 
ity measurements has been described in detail elsewhere [ 1 ]. For the present 
work, the only changes involved the installation of a new set of platinum 
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wires and a modest extension of the pressure range to lower pressure in 
order to allow a more reliable comparison with other measurements along 
the saturation line. The measurements have been carried out along five 
isotherms: 35, 47, 57, 72, and 87~ and pressures from 0.88 to 585 MPa. 
The toluene employed for the measurements was supplied by B. D. H. 
Chemicals Ltd. and had a stated purity in excess of 99.95%. The purity was 
confirmed by chromatographic analysis, and the liquid was degassed before 
u s e .  

The heat capacity of the liquid, required for the application of small 
corrections, was obtained from the compilation of Vargaftik [21]. Direct 
measurements of the density over the complete range of thermodynamic 
states covered in this work are not available. The density has therefore been 
estimated from the variation along the saturation line given by Vargaftik 
[21], and the pressure dependence has been taken from the work of Toohey 
at 60~ [22]. These estimates are entirely adequate for the application of 
small corrections to the experimental data. 

It was established in the previous section that the effects of radiation 
contribute negligibly to the measurement of the thermal conductivity of a 
liquid if the transient temperature rise AT, defined by Eq. (7), is a linear 
function of In t. In order to demonstrate that this is the case for toluene, 
Fig. 3 contains a plot of the deviations of one set of experimental values of 
A T from a linear fit to them in In t. It can be seen that the deviations have 
no systematic character. This is confirmed by the fact that when an 
equation of the form of (29) was fitted to the same data, the parameter B 
was found to be zero within its statistical uncertainty. On the basis of this 
and other, similar tests, we conclude that radiation contributes insignifi- 
candy to the measurements reported here. 
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Fig. 3. Deviations of experimental values of AT from a linear fit to them. 
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4. RESULTS 

Table II contains results of the present measurements of the thermal 
conductivity of toluene at five isotherms; 35, 47, 57, 72, and 87~ The 
results have been corrected to nominal temperatures by the application of 
small, linear corrections, which in no case amounted to more than _+ 0.1% 
in the thermal conductivity. The correction therefore contributes a negligi- 
ble amount to the uncertainty in the quoted results, which are estimated to 
have an accuracy _+ 0.3%. 

The available density data for toluene at elevated pressures are not 
sufficiently reliable to allow us to report the data as a function of density in 
the usual fashion. Consequently, we confine our analysis here to a represen- 
tation of the thermal conductivity as a function of pressure by means of an 
equation of the form 

)k = b0(1 + b l x  + b2 X2 -F b3 x3 -F b4 x4) (33) 

where x = ( P  - P ' ) / P ' .  Table III lists the values of the coefficients in this 
equation for each of the isotherms, whereas Fig. 4 contains a plot of the 
deviations of the present experimental data from the correlation. In no case 
does the deviation exceed _+ 0.7%, the standard deviation of the entire set of 
data being one of _+0.17%. The same figure includes the deviations of 
earlier results at elevated pressures from the present correlation. Here, the 
deviations rise to as much as 5%. The present results are to be preferred 
owing to their higher accuracy. 

A large number of measurements of the thermal conductivity of 
toluene along the saturation line have been reported and they have recently 
been reviewed by Nagasaka and Nagashima [24]. These authors have 
proposed a correlation for the thermal conductivity of toluene along the 
saturation line, in the form 

)~ = 0.13772 - 2.913 X 1 0 - 4 ( T  - 273.15) (34) 

Table  I l L  Coefficients of the Corre la t ion of the T h e r m a l  Conduct iv i ty  as a Func t ion  

of Pressure, f rom Equa t ion  (33) 

T P '  b 0 b I b 2 b3 b4 

(~  (MPa)  ( m W - m - l . K - X )  

35 250 185.39 0.2061 

47 250 183.31 0.2187 

57 250 181.67 0.2266 

72 250 180.29 0.2320 

87 250 176.53 0.2366 

- 4 . 8 9 8  x 10 - 2  3.386 x 10 -2  - 1.691 x 10 2 

- 5.703 >r 10 - 2  3.027 x 10 - 2  - 9.949 x 10 -3  

- 5 . 7 7 2 x  10 2 3 . 0 5 7 x  10 -~  - 1 . 3 4 3 x  10 - 2  

- 6 . 0 1 9 x  10 -2  3 . 9 1 2 x  10 - 2  - 1 .678•  10 2 

- 6.031 x 10 - 2  4.371 x 10 2 - 1.990 x 10 -2  
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for 248 < T < 413 K. We have extrapolated the correlation of our experi- 
mental data to the saturation vapor pressure in order to provide a compari- 
son with this correlation. The comparison is included in Fig. 5, which also 
includes the deviations of the experimental results of Nagasaka and Na- 
gashima [25] and Castro et al. [26] from the same correlation. These two 
sets of measurements were also performed with modern versions of the 
transient hot-wire instrument. The extrapolation of the present experimen- 
tal results obviously degrades their accuracy somewhat; nevertheless, the 
three sets of measurements are seen to be consistent within their mutual 
uncertainty. 

5. CONCLUSIONS 

An analytic solution of the combined conduction-radiation equation 
for a transient hot-wire instrument for the measurement of the thermal 
conductivity of liquids has been presented. It has been used to demonstrate 
that the effects of radiant heat transfer in toluene have a negligible effect 
upon the measurements. The thermal conductivity of toluene has been 
measured over a wide range of pressure, and the results have been shown to 
be consistent with other accurate measurements along the saturation line. It 
seems therefore that it will now be possible to establish toluene as a 
standard reference material for liquid thermal conductivity and to formu- 
late a series of accurate, standard reference values. 
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